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1 Introduction 

Three-dimensional gravity [1, 2] is a rich system wherein to study aspects of quantum 
gravity and holography. Despite having no local degrees of freedom, the theory possesses 
boundary gravitons, linearized perturbations localized at the boundary. These can be 
interpreted as Goldstone bosons of the spontaneously broken Virasoro symmetries found 
by Brown and Henneaux [3]. Although all solutions to Einstein’s eqnations are locally flat, 
or (anti) de Sitter in the presence of a cosmological constant, the theory contains globally 
non-trivial solutions. In the case of a negative cosmological constant these solutions are 
BTZ black holes [4, 5]. 

The existence of black holes in AdSs should play an important role in the quantum 
theory. The latter, according to the to the AdS/CFT correspondence [6-8], is a two- 
dimensional conformal held theory [9]. An attempt to make sense of these statements 
for pure gravity, described only by the Einstein-Hilbert action without additional matter, 
was made by Maloney and Witten [10]. There, the partition function of the Euclidean 
theory was computed and found to be inconsistent with that of a two-dimensional GET. 
Many assnmptions were made in this calculation; in particular, that the spectrum of AdSs 
gravity consists only of BTZ black holes and their SL(2, Z) cousins [11]. Thus, it seems 
that if pure gravity in AdSa is to make sense as a quantum theory we need to consider 
additional elements (or reconsider other assumptions) [10, 12]. Steps towards this direction 
have been taken recently in [13, 14] where long strings were added to the spectrum. It was 
also observed a long time ago that the Chern-Simons description of 3D gravity [15, 16] 
contains classical solutions missing in the metric description [17]. Such solutions play an 
important and still mysterions role in higher spin extensions of 3D gravity [18]. 
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Even if we do not know what exactly is missing in the calculation of ref. [10], we 
can derive the entropy of BTZ black holes by making reasonable assumptions about the 
quantum theory - i.e. about the dual CFT. Cardy’s formula on the asymptotic growth 
of states [19] and the central charge of the Virasoro algebra computed by Brown and 
Henneaux [3] are enough ingredients to reproduce the black hole entropy [20]. Although 
there have been many attempts to derive the entropy of black holes from 3D gravity 
itself (see [21] for a review) a satisfying answer, e.g. a concrete and calculable 2D CFT 
description, is still lacking. Indeed, to compute or even estimate the entropy of black holes 
without appealing to Cardy’s formula it is necessary to have a deeper understanding of the 
spectrum of 3D gravity. 

To address the above problems we propose an alternative formulation of 3D grav¬ 
ity wherein to analyze the spectrum of the theory. We consider a variation of the stan¬ 
dard Brown-Henneaux boundary conditions, known as free boundary conditions, where 
the boundary metric is allowed to fluctuate [22-26]. Since three-dimensional gravity has 
no local degrees of freedom propagating in the bulk this is a minimal modification of the 
pure theory. We will show that the asymptotic dynamics of the theory are described by 
a string whose target spacetime is also AdSs. This is achieved by finding a Chern-Simons 
formulation of 3D gravity that is analytic in the gauge fields and compatible with free 
boundary conditions. An important step towards this formulation is a careful analysis of 
boundary terms and boundary conditions. The essential new ingredient is a reformulation 
of the area term^ regularizing the action of 3D gravity which will be seen to correspond 
to a diffeomorphism-invariant boundary term in the Chern-Simons theory.^ The latter 
is necessary in our approach since free boundary conditions in the bulk are analogous 
to a diffeomorphism-invariant description of the asymptotic boundary - this is the main 
principle behind our results. 

Crucial related observations were made by Arcioni, Blau, and O’Loughlin in [28] but 
their construction does not imply the Virasoro constraints we obtain for the boundary 
theory. Several aspects of string theory on AdSs have been studied in the literature, see 
e.g. [29-38] and references therein, and these in turn may have important implications for 
pure three-dimensional gravity. 

In the standard construction of Coussaert, Henneaux, and van Driel [39] the WZW 
model describing the asymptotic dynamics of 3D gravity is constrained and reduces to 
a Liouville theory. This is because the currents of the WZW model are proportional 
to the vielbeins and spin connection of the hrst order formulation of gravity and these 
must satisfy the Brown-Henneaux boundary conditions [3]. In contrast, we find that the 
SL(2,R) currents of the string are not proportional to the vielbeins and spin connection of 
3D gravity. This means that free boundary conditions do not lead to constraints on the 
SL(2,R) currents and there is no automatic reduction of the WZW model into a Liouville 

^This is the boundary counterterm that renders the action of AdSs gravity finite [27]. We will see below 
that in 3D gravity it is possible to change the coefficient of the Gibbons-Hawking term. Then the area term 
is not only necesssary to regularize the action but also to keep the variational principle well-defined. 

^Alternatively, we could have started with diffeomorphism-invariant boundary terms in the Chern-Simons 
theory and required that they lead to a well-defined action in the metric theory. 
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theory. Instead, it is the Virasoro constraints that render the spectrum of the theory 
unitary [30, 32, 36]. This is crucial since the SL(2,R) WZW theory contains states of 
negative norm. 

The present work is a realization of the ideas proposed in [40, 41] where it was argued 
that solutions to pure three-dimensional gravity can be mapped into solutions of string 
theory. There it was shown that some of the constraints on the SL(2,R) currents that 
enforce Brown-Henneaux boundary conditions can be replaced by Virasoro constraints. 
Here we find that the Virasoro constraints are a result of imposing free boundary conditions. 
An analysis of string solutions and their consequences for three-dimensional gravity will be 
presented elsewhere. 

The paper is organized as follows. In Section 2 we describe free boundary conditions 
and reconsider the boundary terms in the action of AdSs gravity. In Section 3 we obtain 
a first-order (Chern-Simons) formulation of 3D gravity compatible with free boundary 
conditions. We also discuss its reduction to a WZW/string action at the boundary and 
show that free boundary conditions are not enforced through constraints linear on the 
currents of the theory. We end with a discussion and conclusions in Section 4. 

2 Generalized gravitational action and free boundary conditions 

In this section we introduce free boundary conditions and argue that boundary terms in 
the Chern-Simons formulation of the theory must be generally covariant. We also consider 
a generalized gravitational action differing from the standard Einstein-Hilbert action by 
the choice of boundary terms. In particular, we will show that this action is well-defined 
when free boundary conditions hold. The Chern-Simons formulation of AdSs gravity with 
free boundary conditions is constructed directly from the first order formulation of this 
generalized gravitational action in the next section. 

2.1 Free boundary conditions 

Let us begin by discussing free boundary conditions, an alternative to Brown-Henneaux 
boundary conditions where the boundary metric becomes dynamical [22]. The boundary 
conditions corresponding to a boundary metric in the lightcone and conformal gauges were 
studied in refs. [23-26]. We can generalize their results and assume that, for any gauge, 
free boundary conditions are given by 

g^u = r‘^hf},+0{r^), gr^, = 0{r-^), grr = ( 2 . 1 ) 

where greek indices denote boundary coordinates and is the metric at the boundary 

(r —)■ oo).^ Thus, free boundary conditions are a straightforward generalization of Brown- 
Henneaux boundary conditions [3], the only difference being that is a dynamical object 
in the former, a background metric in the latter. This seemingly innocuous modification 

^Nothing prevents us from having stronger boundary conditions but these are most likely uninteresting. 
The boundary conditions in eq. (2.1) are physically interesting since they allow for solutions with finite, 
non-zero charges such as mass and angular momentum. 
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of the boundary conditions has important consequences - it changes the asymptotic sym¬ 
metries of the theory [23-25]. 

Note that in refs. [25, 26] weaker boundary conditions were assumed when the boundary 
metric is in the lightcone gauge, specifically Qrfi = where is one of the boundary 

coordinates. However, it is possible to strengthen the boundary conditions so as to agree 
with (2.1) and still keep the 5'L(2,R) symmetries found in [25] intact. In fact, although 
this was not noticed in [26], the improved 5^(2,R) generators introduced there accomplish 
just that. Thus, for all known cases the above boundary conditions lead to well-behaved 
theories with finite, conserved, and integrable charges. 

An important aspect of free boundary conditions is that they do not come for free. 
In order to have a well-defined variational principle the Brown-York stress-energy tensor 
must vanish [22], as we now demonstrate. Indeed, when the gravitational action is given 
by the standard expression, 

+ ( 2 . 2 ) 

where n = SttGn, Gjy is Newton’s constant, £ is the radius of AdS which we set to one, h is 
the determinant of the induced metric at the boundary, and K is the trace of the extrinsic 
curvature defined in (2.10); variation of the action yields 


iS = T/■ -1 / ypi)Ir«y«(.<»)«". ( 2 . 3 ) 

S J OS 

Here 0 = H^i/ = — g^u are the bulk equations of motion, /i® is the boundary 

metric, and is the Brown-York stress-energy tensor given by [27, 42] ^ 


rpBY 

^ fll/ 


2 5S 


Khfiu T h^u)- 


(2.4) 


Thus, to recover a well-defined variational principle we demand that the Brown-York tensor 
vanishes^ 


= 0 . (2.5) 

This equation can be interpreted as the equation of motion of the now dynamical boundary 
metric. In three-dimensions eq. (2.5) is compatible with the equations of motion obtained 
from the conformal anomaly [26]. 

2.2 Generalized gravitational action 

We would like to incorporate free boundary conditions in the Chern-Simons formulation 
of AdSa gravity. Once we upgrade from Brown-Henneaux boundary conditions we face an 

"^Note that our definition of the extrinsic curvature in eq. (2.10) differs by a sign with respect to that in 
ref. [27]. 

^Alternatively one can add boundary terms to the action that cancel the on-shell value of the Brown- 
York tensor [23, 25[. Also note that one can interpret the vanishing of the Brown-York tensor as a boundary 
condition instead of an equation of motion [22, 24[. 
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immediate challenge. Since the boundary metric is now dynamical, boundary terms in the 
Chern-Simons formulation of the theory should be generally covariant. In other words, 
we will demand full reparametrization invariance of the asymptotic boundary. When the 
boundary metric is not dynamical this is not essential [39] . One way to find the appropriate 
boundary terms is to construct the vielbein counterparts to the terms appearing in the 
Einstein-Hilbert action (2.2). It turns out that the coefficients in front of these boundary 
terms are not unique, however. 

Let us therefore consider the generalized gravitational action studied in ref. [43] 

Sgr — ~ i'G [ V\^ {R + 2) + a [ \/\h\K + /3 / \/M| • (2.6) 

12 Jqy, JdT. j 

The authors of [43] were interested in the flat space limit of eq. (2.2). This limit is not 
well-defined since the area term, i.e. the last term, in eq. (2.2) contains a factor of On 
the other hand if the generalized action (2.6) is well-defined in the limit /3 —>■ 0, taking the 
£ —?■ 0 limit is not a problem. This is indeed the case if a = 1/2 [44]. More generally, the 
action (2.6) is valid - it yields a well-defined variational principle and a finite Brown-York 
stress tensor - for any a and /3 satisfying 2a + (3 = 1 provided that Brown-Henneaux 
boundary conditions hold [43]. 

Let us show that the results of ref. [43] hold for free boundary conditions as well. We 
will see that the action has a well-defined variational principle, so that variation of the 
action yields eq. (2.3), and that the corresponding Brown-York tensor is finite and given 
by eq. (2.4) on-shell. 

A parametrization of the metric compatible with the boundary conditions is given by 

©(r"^), 

Qrr = r~‘^ + + 0(r“®), (2.7) 

grt, = 0(r“3), 

where h)// are components of the induced metric at the boundary, 

V = ^ (2-8) 

i=i 


With this parametrization, the (normalized, outward pointing) vector normal to the bound¬ 
ary is given by 


n 


M 



2r 


gf)+0{r-^) 


xM 


(2.9) 


where uppercase Roman indices denote bulk spacetime coordinates. The fall-off condition 
on the grfj, components of the metric given in eq. (2.1) is important. Had we chosen 
drfj. = 0{r~^) instead, the dual normal vector um would receive corrections of order 1 that 
spoil the results presented below.® It is thus comforting that eq. (2.1) holds for the free 

®Note, however, that in our analysis h/]] is arbitrary. It is still possible that for particular choices of 
weaker boundary conditions on gri_i lead to a well-defined action. 
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boundary conditions studied in the literature. Finally let us state our conventions for the 
extrinsic curvature, which carries the opposite sign with respect to ref. [27] 

KmN = '^ (Mf^N) = M^n+ '^ NnM) ■ ( 2 - 10 ) 

The trace of the extrinsic curvature is computed using the induced metric, i.e. K = 

Note that we raise indices using the induced metric since the gr^ components of the metric 
scale as r~^ and drop off from the boundary terms in the action. 

The variation of the generalized action (2.6) is given by [43] 


5 {2k Sgr) = ! + [ VW\[Kf.u - {aK + /3) y,] 6g^^- 

Jt. JdT, 

+ [ ^/\h\{a - 1) {Knfj,nu - hf,^nPVp)dg^'", 

JdT. 

where II^j, = 0 are the bulk equations of motion and we have omitted terms characteristic of 
non-smooth boundaries (see [43] and references therein). Using eqs. (2.7), (2.9), and (2.10) 
we obtain 

6Sgr = ^ [ ( 2 . 11 ) 

Jt JdT 

where 51 is given by 


51=\{2a + f3-l) + (1 - 2a) ^ gif - a 


RU • V- —. 2 

+ 2 (a - 1) 6gif - (/3 + 1) . 


( 2 . 12 ) 


The {... } term is proportional to the Brown-York stress tensor of the generalized 
gravitational action. Thus, while the stress-tensor is finite whenever 2a + fi = 1, the 
generalized action is seemingly not well-defined for generic a, (3 — the second line vanishes 
only for a = —/3 = 1. 

The action (2.6) does have a well-defined variational principle however. As noted 
in [43], the trick is to use the bulk equations of motion. Here we will proceed in a slightly 
different way and instead of using the linearized equations of motion resulting from = 0, 
we will use the holographic Weyl anomaly [45, 46]. This is the observation that the trace of 
the Brown-York tensor dehned in eq. (2.4) reproduces the conformal anomaly of the dual 
conformal field theory^ 

T^Y^^ = — 7^(0). (2.13) 

2k ^ ^ 


In this equation is the Ricci scalar associated with the boundary metric . Note 
that in order to prove eq. (2.13) one uses the bulk equations of motion so our derivation, 

^Note that the corresponding expression in [45, 46] differs from ours by a minus sign. This is a result of 
the conventions used there, where the Riemann tensor carries an extra minus sign with respect to ours. 
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like that of ref. [43], is valid on-shell. Using eq. (2.4) and the parametrization of the metric 
given in eq. (2.7) we find 


• (2.14) 

This equation relates the variation of leading and subleading components of the metric, so 
that we may write 

5gf) = (2.15) 

Using eqs. (2.14) and (2.15) in 5X we finally obtain 


[ ^/\m\5i = - [ ^/\m\ 
JdT. JdT, 








+ {2a+ 15-1) \ 


/9E 


-(a-1) / <5 
JdT. 


hio) 


(2.16) 


The [...] term in the first line of eq. (2.16) is proportional to the Brown-York stress 
tensor of the generalized gravitational action. The second line, which was partly responsible 
for spoiling the variational principle in eq. (2.12), vanishes when 2a + P = 1. Finally, the 
third line is a total derivative in two dimensions and therefore vanishes. Thus, we conclude 
that, as long as (1) 2a + (5 = 1, (2) Brown-Henneaux or free boundary conditions hold, 
and (3) we are allowed to use the bulk equations on motion in eq. (2.12), variation of the 
action yields 

^Sgr = ^ ^ (2.17) 

The new Brown-York stress tensor is finite and independent of a and f5. In fact it is 
equal to the on-shell value of the standard expression for the Brown-York tensor given in 
eq. (2.4). Using the parametrization of the metric given in eq. (2.7) we indeed find 

7 ?/ = = -l • ( 2 - 18 ) 


Thus the boundary terms in the action of AdSs gravity are not unique - any choice of 
a and (3 with 2a -|- /3 = 1 is as good as any other. This freedom on the choice of boundary 
terms translates straightforwardly to the Chern-Simons theory. Unfortunately the area 
term in eq. (2.6) is not analytic in terms of the vielbeins of the first order formulation of 
3D gravity. As a result this term is not analytic in the Chern-Simons gauge fields. This 
could be easily resolved by setting /3 = 0 in the generalized action. Before turning to the 
Chern-Simons theory and its reduction to a string with AdSs target spacetime we explore 
a more interesting alternative. 
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2.3 Worldsheet metric 


The area term in the generalized gravitational action (2.6) is not analytic in the Chern- 
Simons fields. In order to render the Chern-Simons formulation of the generalized action 
analytic in the gauge fields, let us introduce a boundary worldsheet metric so that the 
action becomes 

Scft = \{\l ^\(R + -i)+a( ^\K±^I ( 2 . 19 ) 

v. S t/ J j 

The worldsheet metric is a dynamical object, i.e. not a background metric, whose equation 
of motion yields the following constraint at the asymptotic boundary 

V - \l^.uY"hp„ = 0. (2.20) 

This equation can be used to restore the action (2.19) to its original form (2.6) and is 
similar to what is done in string theory to turn the Polyakov action into the Nambu-Goto 
action. The analogy is a close one since in the reduction of the Chern-Simons theory to 
the WZW/string theory, the kinetic term of the latter comes from the area term. It is for 
this reason that we must be careful with signs when taking square roots. The ±1 factor in 
the last term of eq. (2.19) originates from 

v17^ = ±iv1^7""V- (2-21) 

Since we have been careful about the validity of our actions, we should check if eq. (2.19) 
has a well-defined variational principle and a finite Brown-York stress tensor. Variation of 
eq. (2.19) yields, 

SSOR = T / vlii-1 / ypiilf + i- / yiy 

2«^ Js 2 2 k Jqy. ^2 22) 

+1: / {-M V =F TH ~ ^ [ \YY[... I 

where is the Brown-York tensor given in eq. (2.18), = h^y — ^jpyj^^hpa^ is the 

constraint equation (2.20), and [... ] is the term in brackets in the second line of eq. (2.16). 
The second line of eq. (2.22) must vanish if the action is to have a well-posed variational 
principle. The first term in the second line vanishes if the constraint holds while the second 
term vanishes if 2a-|-/3 = 1. Thus, the action (2.19) is well-defined provided that 2a+l3 = 1 
and the bulk equations of motion 11^,7 = 0 and constraints iTpy = 0 hold. 

Unlike the analysis of the previous section, where both Brown-Henneaux and free 
boundary conditions were applicable, the action (2.19) is compatible only with the lat¬ 
ter. In order to see this let us take a closer look at the constraint equation. Using the 
parametrization of the metric given in eqs. (2.7) and (2.8) - which is valid for both free 
and Brown-Henneaux boundary conditions - we find that 

hiil - = 0 , 
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(2.23) 





The separate constraints for leading and subleading components are imposed because 
eq. (2.20) holds at the asymptotic boundary and the terms are independent of the 
radial coordinate, cf. eq. (2.8). Since the constraint holds asymptotically subleading com¬ 
ponents with j > 2 are not constrained.® 

For the leading component of the induced metric we can always choose _ 

since the constraint equation (2.23) leaves undetermined. Here ± denote indices of 
lightcone coordinates, i.e. t ± 0. The constraint equation for the leading components 

then becomes 

(2-24) 

Thus, choosing a gauge for the worldsheet metric is equivalent to hxing a gauge for the 
boundary metric up to a conformal factor. We can only do this for since the bulk 
equations of motion determine the subleading components of the metric in terms of its 
leading components. This is most easily seen in the Fefferman-Graham gauge [47] where 
the full metric reads 

ds'^ = ^dr"^ -|- hfj_udx^dx'^, (2.25) 

and is the induced metric given in eq. (2.8). The bulk equations of motion yield (see 
for example ref. [46]), 

e’=- r,.). ( 2 . 26 ) 

while all other subleading components vanish. The rank-two tensor is proportional to 
the covariant expression for the Brown-York tensor given in eq. (2.4) and satisfies, 

vWr^^ = 0, (2.27) 

Thus, once we fix the gauge for the boundary metric the equations of motion determine 

the full metric up to two integration constants that depend on the boundary coordinates. 

( 2 ) 

The consequences of the constraint equation on the subleading h^iu components of the 
metric are more dramatic. The reason is that the subleading components determine the 
charges of the solutions of the theory. Using eq. (2.24) the constraint equation for the 
subleading components of the metric becomes, provided that ^ 0, 

0 = (2.28) 

( 2 ) 

where we note that h\__ is left undetermined. This equation is compatible with the equa¬ 
tions of motion that follow from a dynamical boundary metric, namely with = 0.® 

®This is a consequence of the special status of the asymptotic boundary in the metric formulation of 3D 
gravity. In contrast, in the Chern-Simons theory it is possible to have boundaries at finite values of the 
radial coordinate. We only study the case where both formulations are meaningful. 

®When the worldsheet is flat it is possible to reproduce = 0 for all components of the Brown-York 
tensor as we will see in Section 3. 
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Indeed, using eq. (2.18) we find 


where we have integrated in the = 0 component of the equations of motion into 

TfJ = 0. Thus, we conclude that replacing the square-root structure of the area term 
with the worldsheet metric is consistent only if the boundary metric h® is dynamical, 
i.e. if free boundary conditions hold. This conclusion follows directly from the constraint 
equation (2.20), which was necessary to make the generalized gravitational action (2.19) 
well-defined. Note that the constraint equation cannot reproduce the = 0 component 
of the equations of motion because the last term in eq. (2.19) is Weyl invariant. 

3 Asymptotic dynamics 

In this section we show that the asymptotic dynamics of AdSs gravity with free boundary 
conditions are described by a string with target spacetime AdSa. We begin by considering 
the Chern-Simons formulation of the generalized gravitational action and then turn to its 
reduction to the SL(2,R) WZW/string theory. We show that constraints on the SL(2,R) 
currents do not implement boundary conditions on the metric, in contrast with previous 
approaches. We also check that the space of metric solutions satisfying the bulk equations 
of motion and the Virasoro constraints is non-trivial. 

3.1 Chern-Simons formnlation 

Let us now consider the Chern-Simons formulation of the generalized gravitational action 
given in eq. (2.19). As shown in refs. [15, 16] an alternative description of three dimensional 
gravity with a negative cosmological constant is given by two Chern-Simons actions with 
opposite sign. Keeping track of boundary terms we have, 

[ ^\{R + 2)=Ics[A]-Ics[A]- [ tr(AAA), (3.1) 

Js JdT, 

where A and A are two SL(2,R) gauge fields defined in terms of the vielbein e“ and dual 
spin connection = ^e°‘^^0Jbc by [16] 

= {w^ + e“), A“ = {w^ - e“), (3.2) 

and Ics is the Chern-Simons action given by 

Ics[A]= j ix(^A^dA+‘^A^A^J^. (3.3) 

^°Our conventions for the generators r“ of SL(2,R) are the following: [T“, T**] = t°‘^‘^gcdT'^ where = 1, 
and tr where gab ~ diag ( —, -f, +). We also assume that the determinant of the vielbein is 

positive, i.e. \/\^ ~ det(e“^); this determines the overall sign in front of the Einstein-Hilbert action. 
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The boundary term in eq. (3.1) is proportional to the Gibbons-Hawking term, namely 
fgj. tr(A A A) = fgj, e“ A a;“ = fgj. ■\/\h\K. Thus, the Chern-Simons formulation of the 
generalized gravitational action (2.19) is given by 

Scs = {lcs[A] - Ics[A] + 
where k = l/4GAr and the boundary term Ja,pA-, M reads 

Ja,/ 3 [^,i] = (2a - 1) / tT{AAA)±^ f ^/\AA''tr[{A- A) (A-A)]. (3.5) 

JdT. ^ JdT. ^ 

Note that all boundary terms in eq. (3.5) are covariant and analytic in the gauge 
fields. In particular the worldsheet metric acts as the boundary metric in the Chern- 
Simons theory. As shown in the previous section, hxing a gauge for the worldsheet metric 
translates through the constraint equations to fixing a gauge (up to a conformal factor) for 
the boundary metric of the metric theory (2.24). Thus, both the metric theory and 
the Chern-Simons theory, whose area term (the last term in eq. (3.5)) is Weyl invariant, 
see the same conformal structure at the boundary. 

Now, while it was not strictly necessary to introduce a worldsheet metric into the 
action, i.e. we could have set /3 = 0 in eq. (2.6), the area term above is crucial in the 
reduction of the Chern-Simons theory to that of a string propagating in AdSs. This was 
originally noted by Arcioni, Blau, and O’Loughlin [28] who considered the action (3.4) 
with a = 0, /3 = 1, and a non-dynamical, flat metric. There, it was argued that 
the action of Chern-Simons formulation of 3D gravity should be invariant under diagonal 
SL(2,R) X SL(2,R) transformations of the gauge fields. This is a reasonable requirement 
since these transformations correspond to local Lorentz transformations of the vielbeins, 
gauge symmetries of the first order formulation of gravity. It is only for a = 0 that local 
Lorentz invariance is a symmetry of the action (3.4). 

We will therefore fix a = 0. A well-defined action in the metric formalism is recovered 
if = 1 — 2a = 1. We can always do this since, as shown in the previous section, the 
boundary terms accompanying the Einstein-Hilbert action are not unique. Finally, we 
choose the lower (minus) sign in the last term of eq. (3.5) since it leads to a healthy kinetic 
term in the WZW theory. Thus, the action we will consider is given by 

Sgr = ^{Ics[A] - Ics[A] - [ AaA-^ [ -A)^{A-A)\. (3.6) 

V 'J OS J OS ) 

The new element in the action (3.6) compared to that of [28] is the dynamical worldsheet 
metric which we have found to be compatible only with free boundary conditions. 
Note that we could have introduced the worldsheet metric directly in the Chern-Simons 
formulation of [28] by demanding not only local Lorentz invariance of the vielbein, but also 
diffeomorphism invariance of the boundary. 

^^However note that the relative conformal factor will show up in the conformal anomaly. 
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3.2 Reduction to WZW/string theory 

Another motivation behind the choice a = 0, = 1 is the reduction to the WZW/string 

theory to which we now turn. The equations of motion of the Chern-Simons theory, namely, 

Q = F = dA + A^A, Q = F = dA + A^A, (3.7) 

imply that all solutions are locally of the form, 

^ = 9~^dg, A = g~^dg, (3.8) 

where g and g are elements of SL(2,R). Not all of these solutions are pure gauge, however, 
since the presence of a boundary spontaneously breaks the gauge symmetries - some of the 
hitherto pure gauge modes become physical. To be more precise, some of the generators 
of gauge transformations become generators of global symmetries that map physical states 
into physical states (see ref. [48] for a pedagogical discussion). This statement is sensitive to 
boundary conditions since the latter determine which of the generators g and g of SL(2,R) 
X SL(2,R) become generators of global symmetries. The corresponding modes given by 
eq. (3.8) become physical, i.e. they have finite, non-vanishing charges. 

A similar story unfolds in the metric theory whose linearized perturbations are pure 
gauge SgMN = '^{m^n) for generic generators of diffeomorphisms . This is the state¬ 
ment that 3D gravity, like Chern-Simons theory, has no local degrees of freedom. However, 
a careful choice of boundary conditions renders some of the gauge symmetries generated 
by true global (but asymptotic) symmetries. The linearized perturbations 6gMN cor¬ 
responding to these vectors are physical, i.e. they have finite charges. Like the physical 
solutions to the Chern-Simons theory, the linearized perturbations of gravity in AdSs only 
interact at the boundary since their coupling to sources is a total derivative. 

Therefore, one expects the dynamics of 3D gravity to be captured by a theory at the 
boundary. This is most easily seen in the Chern-Simons formulation by integrating in the 
equations of motion F = F = 0, i.e. by substituting eq. (3.8) into the action (3.6) [49, 50].^^ 
We then find ^^^[A, A] —>■ Swzw[9,9] where 

Swzw = w[g] + W[r^] - A /■ rr { 9 -^d^g) {r^d,g) . (3.9) 

Jqy, 

Here W[g\ stands for the WZW action 

^ {.9~^d^g) {g~^du9) + \ , (3AO) 

^^This is a covariant generalization of the procedure used in refs. [49, 50). The reason we are able to 
integrate in the equations of motion in the Chern-Simons formulation of the theory is that one of the 
components of the Chern-Simons gauge field acts as a Lagrange multiplier. Indeed, if we write one of 
the Chern-Simons actions as Ics = /j. {2ArF^t + AtdrA^ — A^drAt) we see that Ar enters as a Lagrange 
multiplier enforcing the F^t = 0 constraint in the path integral. Note that both this form of the Chern- 
Simons action and the covariant one given in eq. (3.6) lead to the same results since we drop total derivatives 
with respect to the t and 4> coordinates. 
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and is a mixed tensor defined by 


The right-hand side of eq. (3.9) is a generalization of the Polyakov-Wiegman identities [51] 
for a WZW action with arbitrary metric 7 ^,^, namely 

W[g-g-^] = W[g] + W[r^] -^ [ P'l" {g-^d^g) {r"d,g) . (3.12) 

The asymptotic dynamics of three-dimensional gravity with free boundary conditions 
are thus described by 

Swzw = v 1 ^ 7 '^"tr[(G-' 9 ^G)(G-' 5 ,G)] + ^ ^ tr (G-idG)='| , (3.13) 

where is a dynamical metric and G G SL(2,R) is given by 

G = gr^. (3.14) 


This is the action of a string whose target spacetime is the group manifold of SL(2,R), 
namely AdSs.^^ The worldsheet coordinates of this string correspond to the boundary 
coordinates of the bulk spacetime where the Chern-Simons theory is defined. Similar 
observations were made in [28] although their construction lacked the Virasoro constraints 
of string theory. In particular, the observation that for a = 0 and /3 = ±1 the WZW 
action can be obtained directly from the Chern-Simons action by means of the Polyakov- 
Wiegmann identities was presented there. Since our worldsheet metric is a dynamical 
object we obtain the constraints 


2 dSwZW _ rpS 


(3.15) 


where is the Sugawara stress-energy tensor of the WZW model. 

Note that the factorization of the WZW group element G in eq. (3.14) is inherited 
from the Chern-Simons theory and constitutes an extra layer of interpretation on WZW 
solutions. The fact that Chern-Simons boundary conditions put constraints on g and g, 
which lack direct meaning in the WZW model, will lead to the compatibility conditions 
studied in the next section. 


3.3 Equations of motion, SL(2,R) currents, and Virasoro constraints 

We have seen that an SL(2,R) WZW model with Virasoro constraints captures the asymp¬ 
totic dynamics of three-dimensional gravity with free boundary conditions. The equations 
of motion of the WZW model impose constraints on the group elements g and g parametriz¬ 
ing the WZW and Chern-Simons variables. This is because solutions to the WZW model 
are not generically compatible with the boundary conditions obeyed by the Chern-Simons 
fields. In order to see this let us compute the on-shell values of the WZW and Chern-Simons 

least locally since we have used A — g~^dg and A = g~^dg in the reduction to the WZW theory. 
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fields. These will be used next to compute the SL(2,R) currents and Virasoro constraints 
of the WZW model. 

We begin by gauge fixing the worldsheet metric to a flat metric, which is always possible 
at the classical level, 

= = V±± = 0- (3-16) 

Variation of the Chern-Simons action (3.6) then yields, 

SScs = ^\ [ tv {6A A F + 6A A F) - 2 [ tr (e_M+ - e+M_) j , (3.17) 

UE JdT. } 

where = ^{A — A)^. Since the e± components of the vielbeins determine the induced 
metric via 

= 2 tr {eij,ey) = ^tr [(T - A)^{A - A)y] , (3.18) 

we do not want to set them to zero. A well-posed variational principle is recovered provided 
that A_|_ and A_ are held fixed at the boundary, 

5A+ = 0, 6A_ = 0. (3.19) 

These boundary conditions constrain the possible values of g and g in the parametrization 
of the Chern-Simons gauge helds used in eq. (3.8). They also constrain the asymptotic 
values of the parameters u, u of SL(2,R) gauge transformations. Indeed, under a gauge 
transformation. 


A+ ^ = {gu) ^d+{gu), 

A_^AZ = {gu) ^d-{gu). 

(3.20) 

This implies that, asymptotically, 



g = g-{x~,r)v{x^,r), 

u = u(x^, r)“^tt_(x“, r), 

(3.21) 

g = g+{x^,r)v{x^,r), 

u = i;(x^, r)“^'u_|_(x"'', r). 

(3.22) 


On the other hand the equations of motion of the WZW model are given by 

d- {G-^d+G) = 0. (3.23) 

The solutions to this equation are not generically compatible with both the parametrization 
G = gg~^ used in the reduction of the Chern-Simons theory and the boundary conditions 
obeyed by the Chern-Simons fields. Indeed, G = gg~^ is not a solution to the WZW 
equations of motion unless v and v in eqs. (3.21) and (3.22) are independent of x"*" and x~, 
respectively. Thus, compatibility with the boundary conditions in the Chern-Simons theory 
yields the following on-shell parametrization of the WZW and Chern-Simons variables, 

G = g_g^^, A = gZ^dg_, A = g-^dg^, (3.24) 

where we have removed the now redundant v{x~,r) and v{x~^,r) functions by shifts in g- 
and g+, respectively. In particular note that the A_|_ and A_ components of the gauge 
fields vanish. 
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SL(2,R) currents 

We can now compute the on-shell values of the SL(2,R) currents of the WZW model (3.13). 
Up to a normalization the SL(2,R) currents are given by, 

J+ = kG-^d+G = kg^d+g^^, J-= kGd-G-^ = k g_d-gZ^. (3.25) 

Note that this is not the same identification between the group elements g, g and the gauge 
helds A, A given in eq. (3.24). In other words, the SL(2,R) currents are not proportional to 
the Chern-Simons gauge fields. Boundary conditions on the latter, which are equivalent to 
imposing boundary conditions on the vielbeins and spin connection, determine boundary 
conditions on the metric of 3D gravity. Thus, we are led to conclude that any constraints 
on the currents of the WZW model would not directly enforce boundary conditions on the 
metric. We will see momentarily how this contrasts with previous approaches. 

To illustrate this consider g = g-{x~,r) and g = g+{x~^,r) so that the boundary 
conditions (3.19) on the Chern-Simons fields are satisfied. Suppose these also lead to a 
metric satisfying free boundary conditions (2.1). Note that G = g-g^^ solves the equations 
of motion of the WZW model. From this solution it is possible to construct other solutions 
by letting, 


g-^Vg-, g+^Ug+, (3.26) 

where U and V are constant elements of SL(2,R). Clearly, the new solutions leave the 
Chern-Simons fields invariant. Therefore they do not change the boundary conditions of 
the corresponding metric. In fact, they do not change the metric at all. The new solutions 
do change the SL(2,R) currents, however, 

J+ = kUg+d+g^^U-\ J. = kVg_d.gZ^V-\ (3.27) 

In particular, one can choose a basis such that, for some generator r“, the zero modes of 
± J“ correspond to the energy and angular momentum of the string in the string target 
spacetime [36]. Thus the solutions (3.26) are physically distinct in the string theory. 

On the other hand local Lorentz transformations of the vielbeins, i.e. transformations 
for which 


g-^ g-U, g+^ g+U, (3.28) 

where t/ is a constant element of SL(2,R) do change the Chern-Simons gauge fields but do 
not change the SL(2,R) currents. This is to be expected since this is a redundancy in the 
first order formulation of general relativity. Accordingly, these transformations are trivial 
in the WZW model. 

In the standard construction of Coussaert, Henneaux, and van Driel [39] the currents 
of the WZW model are proportional to the fundamental gravitational fields of the first 
order formulation of gravity. Thus, constraints on the former enforce the Brown-Henneaux 
boundary conditions [3] on the latter. In contrast, we have found that free boundary 
conditions are not implemented through constraints linear on the SL(2,R) currents. This 
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means that the WZW theory is not automatically reduced to Liouville theory. However, 
the Virasoro constraints (3.15) render the spectrum of the theory unitary [30, 32, 36].^^ 

Virasoro constraints 

Although the SL(2,R) currents do not directly implement boundary conditions on the 
metric, they still impose constraints on the latter through the Virasoro constraints. Indeed, 
for a flat worldsheet metric eq. (3.15) implies, in the semiclassical, large-fc limit, 

0 = r^_,_ = —tr(J_|_J+) = /ctr(A+A_|_) = 2k (3.29) 

0 = T^_ = —tr(J_J_) = /ctr(A_A_) = 2k h , (3.30) 

k 

where we have used the on-shell values of G, A and A given in eq. (3.24). These are precisely 
the constraints studied in Section 2.3 when the worldsheet metric is flat, cf. eq. (2.20). As 
discussed there, eqs. (3.29) and (3.30) constrain the leading and first subleading components 
of the induced metric. For the leading components we have (2.24), 

(3.31) 

that is, fixing a gauge for the worldsheet metric fixes a gauge for the boundary metric up 
to a conformal factor, while for the subleading components we find (2.28), 

h^2± = 0, (3.32) 

which is consistent with vanishing of the Brown-York tensor (2.29). 

One may think that satisfying the two constraints (3.32) removes all but one solution 
from the theory. The reason being that the most general solution to Einstein’s equations 
can be written down in closed form using only two arbitrary functions. Indeed, in the 
Fefferman-Graham gauge (2.25) one hnds, for Brown-Henneaux boundary conditions, 

ds'^ = —2— - ^dx~ - ^f+dx~^'^ , (3.33) 

where f± = f±{x^) parametrize the space of solutions to the equations of motion. Then 
the constraint equation would imply that only the f± = 0 solution survives. However, as 
seen from eq. (3.31) the Virasoro constraints fix the boundary metric only up to a conformal 
factor. In that case eq. (3.33) is not the most general solution to the equations of motion. 

While eq. (3.31) is not compatible with Brown-Henneaux boundary conditions, it is 
consistent with free boundary conditions where the boundary metric is in the conformal 
gauge [24] . In this case the most general solution to the equations of motion can be obtained 
from eqs. (2.25) and (2.26) by solving eq. (2.27). For the subleading components we have, 

^±± = /±(a;^) - {d±(pd±ip - d^ip) , = d+d-(p, (3.34) 

^^Note, however, that the string theory is not critical unless new degrees of freedom are added to the 
theory. 
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where the second term is proportional to the stress-energy tensor of Liouville theory 
with a vanishing cosmological constant. Thus, while the Virasoro constraints do require 
^±± vanish, the space of solutions is not empty but constrained to obey f± = 

Now recall that the Virasoro constraints do not reproduce the vanishing of the 
component of the Brown-York tensor, as required by free boundary conditions. The reason 
for this is that the area term in the Chern-Simons action (3.6) and the WZW action (3.13) 
are Weyl invariant. However, one may show that eq. (3.24), in particular the chirality of 
the group elements g- and 5 +, leads to = 0. The latter is proportional to the 
component of the Brown-York stress tensor. Thus the theory is compatible with all of the 
equations of motion/constraints that result by imposing free boundary conditions. 

Let us conclude this section by mentioning that, since we are dealing with a non- 
critical string whose central charge is c = 3A:/(A: -|- 2) ~ 3 in the semiclassical, large-A: limit, 
we do not expect to be able to fix the worldsheet metric as in eq. (3.16) in the quantum 
theory. A consistent treatment of the theory may require additional degrees of freedom 
at the boundary, either extra dimensions to the string theory, or a Liouville dimension 
originating from the conformal factor of the worldsheet metric. In this case eq. (3.34) will 

C2) 

receive further contributions so that no longer vanishes, i.e. 

h±± + TY± = 0, (3.35) 

where is the stress-energy tensor of the additional degrees of freedom. This will lead 

( 2 ) 

to finite charges in the metric theory since these are proportional to the components 
of the metric. 

4 Discussion and conclusions 

In this paper we have shown that the asymptotic dynamics of pure AdSa gravity with 
free boundary conditions are described by a string propagating on an AdSs target space- 
time. One of the challenges in the derivation of this result was finding the appropriate 
covariant boundary terms in the Chern-Simons formulation of 3D gravity. The reduction 
of the resulting Chern-Simons theory (3.6) led to an SL(2,R) WZW model with Virasoro 
constraints, i.e. to the action of a string in AdSs. We have seen that the on-shell values 
of the WZW currents do not implement boundary conditions on the theory. Nevertheless, 
the Virasoro constraints of the WZW model do enforce boundary conditions to some ex¬ 
tent, i.e. they fix the boundary metric up to a conformal factor. More dramatically, the 
Virasoro constraints also imply vanishing of the subleading components of the metric. We 
have shown that this does not lead to an empty spectrum, however, and the theory still 
describes non-trivial metric solutions. 

We note that the string describing the asymptotic dynamics of 3D gravity with free 
boundary conditions is non-critical, i.e. its central charge is c = 3 in the semiclassical 
limit. Therefore the conformal anomaly will play a role in the quantization of the theory. 
The corresponding classical treatment requires adding new dimensions to the string theory, 
i.e. new degrees of freedom at the boundary, or dealing with the Liouville dimension that 
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arises from the conformal factor of the worldsheet metric. In either case the contributions 
to the Virasoro constraints from these new degrees of freedom allow for non-vanishing 
subleading components of the metric. 

The connection between pure AdSa gravity and string theory on AdSs has the potential 
to help us understand aspects of the spectrum of pure 3D gravity. It is then necessary to 
continue the group elements g- and 5 + defined asymptotically in eqs. (3.21) and (3.22) 
to finite values of the bulk radial coordinate. This continuation is not determined by the 
equations of motion of the WZW model. One way to do this is to follow the prescription 
of [39] but other, more general prescriptions may be possible. 

Once this is figured out we do not expect all solutions to the WZW/string theory 
to correspond to appropriate metrics. Some of the solutions may violate the boundary 
conditions of the metric, e.g. on the gr^ components, in which case the latter must be 
imposed as constraints on the spectrum of the theory. The problem of interpreting solutions 
in the WZW model is an old one and it already arises at the level of the Chern-Simons 
theory [9]. Whether or not solutions with unhealthy, e.g. degenerate, metrics should be 
considered as part of the spectrum of 3D gravity will depend on what can be learned from 
them. 

Note also that the symmetries of the WZW model are generically larger than those of 
the metric theory. Indeed, when the worldsheet metric is flat, the WZW model has left 
and right-moving SL(2,R) symmetries. On the other hand the symmetries in the metric 
formalism consist of left and right-moving U(l) x Virasoro symmetries [24]. From this 
point of view a restriction on the spectrum of the WZW/string theory may be necessary 
as well. 

Clearly, many consequences of our approach to 3D gravity are still uncertain, but to 
conclude we have established a number of basic facts. First, a string with AdSs target 
geometry can be used to describe pure 3D gravity with a negative cosmological constant. 
Second, this description translates asymptotic statements between 3D geometry and the 
2D boundary in a different way than previous approaches. Third, the string description 
corresponds to free boundary conditions which generalize the standard Brown-Henneaux 
boundary conditions. It is therefore a subtly different physical model, which can have new 
physical consequences that we plan to explore in the future. 
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